deviations in the experimental observations from the theoretThe ratio of the critical coagulation concentration (CCC) of ical predictions are not uncommon (3, 4), the Schulzecounterions is evaluated for spherical particles and asymmetric Hardy rule is still widely adopted in practice for its conveelectrolytes. A perturbation method is adopted to solve the Pois-nience. In the present study, the Schulze-Hardy rule is extended to the case of spherical surfaces in an arbitrary a:b electrolyte solution. In other words, the effect of the curvature of dis-
INTRODUCTION
persed entities on the CCC ratio of counterions is investigated. The minimum concentration of electrolyte required to induce the coagulation of a stable colloidal suspension is de-
MODELING fined as the critical coagulation concentration (CCC). The CCC of counterions is found to be inversely proportional to
The analysis is begun by considering a charged spherical the sixth power of its valence, the so-called Schulze-Hardy particle immersed in an a:b electrolyte solution. Without rule. For counterions of valences 3, 2, and 1, this rule sugloss of generality, we assume that the particle is negatively gests that the CCC ratio is 3 06 :2 06 :1
06
, or roughly, 1:11:729. charged. The electrical potential distribution around the parThe Schulze-Hardy rule can be interpreted theoretically by ticle is described by the Poisson-Boltzmann equation (9) the DLVO theory (1), which considers the electrostatic repulsion force and the van der Waals attraction force between two interacting particles. The key assumptions made in the relative permittivity of solution and the permittivity of the F t el Å 0(e 0 e r /2) ͐ fE û rn û dA [3] vacuum, respectively, n 0 a is the number concentration of cation in the bulk liquid phase, k B and T are, respectively, the Boltzmann constant and the absolute temperature, and r is where dA is a differential area, E û is the strength of electric the distance measured from the center of the particle. The field, and n û is the unit outer normal vector. For a system boundary conditions associated with Eq. [1] are assumed to containing K particles Eq. [3] gives be
where the subscripts n and n denote the nth and the nth particles, respectively, and s n is the surface charge density where c 0 is the dimensionless surface potential and X 0 is the of the nth particle. Here, we assume that the distance bedimensionless radius of the particle, X 0 Å kr 0 , r 0 being the tween any two particles is on the order of the Debye length. radius. For a sufficiently large X 0 , an approximate solution
The electroneutrality requires that to Eq. [1] subject to Eqs.
[1a] and [1b] is (11)
where r n is the distance measured from the center of the nth where particle, r 0,n is its radius, and r n is the space charge density for the nth isolated particle. The electrical interaction energy
where L is the set of distance L n,n , n, n Å 1, 2, . .
x n, L n,n being the closest dimensionless surface-to-surface distance between particles n and n with L n,n Å L n,n , and 
where L Å kL 0 , L 0 being the closest surface-to-surface distance between two particles.
, if X 0 is sufficiently large, the potential distribution for a large (X n 0 X 0,n ) Å k(r n 0 r n,0 ) can be approximated by
where c n Å ef n /k B T, and
In these expressions,
1/2 , and k Å 2 / 2b/a (7). The electrostatic free energy F t el , for a charged system can be expressed by (11) [8a]
FIG. 1. Schematic representation of two interacting particles. X 1 , X 2 , L, For illustration, we consider two identical particles in the and R are the dimensionless distances; X 0,1 and X 0,2 are the dimensionless following discussion. In this case, the subscripts n and n radii of particles 1 and 2, respectively; u 1 is the angle defined by the line segments O 1 0 O 2 and O 1 0 P 1 ; and u 2 is the angle defined by the line can be dropped.
segments
For a sufficiently small L/X 0 , the van der Waals potential I £dw can be estimated by (1)
where A 132 is the Hamaker constant. The total interaction By referring to Fig. 1 , the differential area dA n can be ex-energy I t (L) is the sum of I el (L) and I £dw (L), i.e., pressed as
02 X 2 0,n sin u n du n [9] At the CCC, where u n is the angle between line segment O 1 0 O 2 (R) and I t Å 0 and dI t /dL Å 0 [14] O n 0 P n (X 0,n ), R being the dimensionless center-to-center distance between two particles. We have Let the value of L at the CCC be L c . Substituting Eqs.
[11]-
Substituting Eqs. [8] -[10] into Eq. [7] and conducting the
where These expressions yield
Since D/C is large for the present system (X 0 is large), we distance between two particles, L is defined under Eq. [7] , and V R is the electrical potential energy for two planar paralhave lel surfaces. The electrical potential energy V R can be calculated by 
where n 0 a,c denotes the CCC of cations (counterions). This The van der Waals potential, the total interaction energy, expression implies that and the criterion for CCC are described by Eqs. 
On the basis of these expressions, the CCC of counterions can be estimated.
Another Approach
If c 0 r 0ϱ, Eq.
[26] gives If the Derjaguin approximation (12) is applicable, the electrical potential energy between two particles V el can be estimated by n
[27]
For a sufficiently large X 0 , l r 1, and Eq.
[27] leads to the result for planar particles (10). Furthermore, if the electrolyte is symmetric, a Å b Å £, then where
In these expressions, L 2 Å kL 3 , L 3 is the surface-to-surface This is the Schulze-Hardy rule. :b) , and the dimensionless size of a particle X 0 (Å kr 0 ). For a fixed particle size n 0 a,c ϰ l a(a / b)k 6 3 [28] r 0 , the latter is a function of the Debye length, which is related to the concentrations of ions. This means that the CCC ratio of counterions needs to be determined through For a large X 0 this expression becomes the result for planar an iterative procedure; the algorithm presented in Appendix particles. Furthermore, if a Å b Å £, then B is suggested. Table 2 illustrates the CCC ratio of counterions at several assumed X 0 ratios and types of electrolyte for c 0 r n
0ϱ. The result shown in this table reveals that, depending upon the X 0 ratio, the CCC ratio of counterions can take This is consistent with the result for planar particles (10). Table 3 , and the corresponding CCC The variation in the ratio [n a,c,a:b /n a,c,3:3 (X 0 r ϱ)] as a func-ratio of counterions is illustrated in Table 4 . If c 0 is low, X 0 tion of X 0 and various types of electrolyte for c 0 r 0ϱ is is about the same for each type of CCC ratio. As suggested shown in Table 1 . Note that as X 0 r ϱ, the CCC ratio of by Table 4 , the CCC ratio for spherical particles is close to cations for symmetric electrolytes is 1:11.391:729, the same that for planar particles. In other words, if the surface potenas that predicted by the Schulze-Hardy rule.
tial is low, the effect of curvature on the CCC ratio of counterions is negligible. Table 2 .
Note. The symbols are the same as those used in Table 2 .
If c 0 r 0ϱ and the electrolyte is symmetric, a Å b Å £, and k 3 Å 1, Eq. [20] becomes Table 6 illustrates the CCC ratio of cations at several assumed X 0 ratios and types of electrolyte for c 0 r 0ϱ. The result shown in this table reveals that the CCC ratio of n 0 a,c ϰ 1
counterions is a function of the types of electrolyte and the particle size.
The variation in the ratio [n a,c,a:b /n a,c,3:3 (X 0 r ϱ)] at two Furthermore, if X 0 r ϱ, a particle can be treated as a flat levels of X 0 and various types of electrolyte for the case c 0 surface, Eq.
[29] reduces to Eq. [27a].
r 0 is shown in Table 7 . The CCC ratio of counterions for On the other hand, if c 0 r 0 and the electrolyte is symmetvarious X 0 ratios is about the same. The result is ric, Eq. In this case, the CCC ratio for spherical particles is insensious values of X 0 and types of electrolyte for the case c 0 r tive to curvature, similar to the results of Table 4 . 0ϱ based on the Derjaguin approximation is shown in Table  The result based on the Derjaguin approximation is readily 5. According to Eqs.
[27] and [28], the CCC ratio of counterapplicable to a suspension of spherical particles coated with ions is a function of the type of electrolyte and the dimenan ion-penetrable charged membrane. In this case we have sionless size of particle. The algorithm presented in Appendix B can also be employed. 
2 Z and that based on the Derjaguin approximation are different appreciably. Since the derivation of the former is more rigorous than that of the latter, it is more reliable. Nevertheless,
the Derjaguin approximation provides a quick estimation for the CCC ratio and can be used as an initial guess for the where exact value.
In summary, the classic Schulze-Hardy rule is modified to the case of spherical particles immersed in an asymmetric . We have, for c 0 r 0ϱ, at a fixed particle size, the thickness of the Debye length needs to be taken into account. The present analysis provides
[A5] an efficient method for the estimation of the CCC ratio of counterions.
For a strongly charged surface, the effect of curvature on APPENDIX A surface charge density is negligible (8, 9) , and s u ӷ s £ . We conclude that Let n a and n b be the number concentrations of cation and anion, respectively. Then The corresponding entries in Table 1 The corresponding entries in Table 5 which is close to Eq. [B3a]. In these expressions, X 0,a:b is the value of X 0 for an a:b electrolyte, type S stands for symmetric electrolytes, and
